We develop the relationship between quaternionic hyperbolic geometry and arithmetic counting or equidistribution applications, that arises from the action of arithmetic groups on quaternionic hyperbolic spaces, especially in dimension 2. We prove a Mertens counting formula for the rational points over a definite quaternion algebra A over Q in the light cone of quaternionic Hermitian forms, as well as a Neville equidistribution theorem of the set of rational points over A in quaternionic Heisenberg groups. 1 1
Introduction
The two main arithmetic results of this paper are a counting theorem and an equidistribution theorem of rational points with error estimates in quaternionic Heisenberg groups, see Theorems 1.1 and 1.2 below. The proofs use methods and results from quaternionic hyperbolic geometry, arithmetic groups and ergodic theory of the geodesic flow in negatively curved spaces. We refer for instance to [Bre, BeQ, Kim] for related results, and especially to the introductions of [PaP3, PaP6] for motivations, going back to the Mertens and Neville counting and equidistribution results of Farey fractions. The case of the standard Heisenberg group has been treated in [PaP6] , but new tools have to be developped in this paper besides dealing with noncommutativity issues.
Let H be Hamilton's quaternion algebra over R, with x Þ Ñ x its conjugation, n : x Þ Ñ xx its reduced norm, tr : x Þ Ñ x`x its reduced trace. Let A be a definite (A b Q R " H) quaternion algebra over Q, with discriminant D A and class number h A . Let m A " 72 if D A is even, and m A " 1 otherwise. Let O be a maximal order in A. We denote by O xa, α, cy the left ideal of O generated by a, α, c P O. See [Vig] and Section 2 for definitions. The 2-step nilpotent group N pOq " tpw 0 , wq P OˆO : trpw 0 q " npwqu
with law pw 0 , wqpw 1 0 , w 1 q " pw 0`w 1 0`w w 1 , w`w 1 q (2) acts on OˆOˆO by the shears pw 0 , wqpa, α, cq " pa`w α`w 0 c, α`w c, cq .
Theorem 1.1 There exists κ ą 0 such that as s Ñ`8, Card N pOqz pa, α, cq P OˆOˆO : O xa, α, cy " O, trpa cq " npαq, npcq ď s (
The quaternionic Heisenberg group
Heis 7 " tpw 0 , wq P HˆH : tr w 0 " npwqu , with the group law defined by Equation (2) is the Lie group of R-points of a Q-group whose group of Q-points is Heis 7 XpAˆAq, and in which N pOq " Heis 7 XpOˆOq is a (uniform) lattice. We endow it with its Haar measure Haar Heis 7 normalised in such a way that the total mass of the induced measure on N pOqzHeis 7 is D 2 A 4 . We will explain later on this normalisation. Theorem 1.1 is a counting result of rational points pac´1, αc´1q (analogous to Farey fractions) in Heis 7 , and the following result is a related equidistribution theorem. In this paper, we denote by ∆ x the unit Dirac mass at a point x.
Theorem 1.2 As s Ñ`8, we have π 8 m A |Oˆ| 2 ś p|D A pp´1qpp 2`1 qpp 3´1 q 816 480 D 2 A s´5ÿ pa, α, cqPOˆOˆO, 0ănpcqďs trpa cq"npαq, O xa, α, cy"O ∆ pac´1, αc´1qá Haar Heis 7 .
We refer to Theorems 8.2 and 8.3 in Section 8 for more general results with added congruence properties, and to Remark 8.5 for counting and equidistribution results in higher dimensional quaternionic Heisenberg groups.
The proof of the above arithmetic results strongly rely on quaternionic hyperbolic geometry that we recall and develop in Sections 3 and 6 (see also for instance [All, KiP, CaP1, Kim, Phi, CaP2, EmK] ). Let q be the quaternionic Hermitian form on H 3 defined by qpz 0 , z 1 , z 2 q "´trp z 0 z 2 q`npz 1 q , and PU q its projective unitary group, which is the isometry group of the quaternionic hyperbolic plane H 2 H , realized as the negative cone of q in the right projective plane P 2 r pHq, and normalised in order to have maximal sectional curvature´1. The proofs of Theorems 1.1 and 1.2 use the following two results of independent interests.
The subgroup PU q pOq " P pGL 3 pOq X Uof PU q is an arithmetic lattice, and hence by a standard result of Borel-Harish-Chandra, the orbifold PU q pOqzH 2 H has finitely many ends (also called cusps). By adapting Zink's method [Zin] , we compute their number in Section 4.
Theorem 1.3 The number of ends of the quaternionic hyperbolic orbifold PU q pOqzH 2 H is equal to the class number h A of A.
Using Prasad's formula [Pra] and adapting Emery's Appendix in [PaP2] , we compute in Section 5 the volume of the quaternionic hyperbolic manifolds PU q pOqzH 2 H . This computation (equivalent by Hirzebruch's proportionality theorem to the computation of its Euler-Poincaré characteristic), is close to, and uses argument from, the paper [EmK] of Emery-Kim. Theorem 1.4 The volume of the quaternionic hyperbolic orbifold PU q pOqzH 2 H is equal to
The analytical tools for the proof of Theorems 1.1 and 1.2 are developped in Section 7, where we give various computations of the measures that appear in the application of the ergodic tools of [PaP5] , see also [BrPP, Chap. 12] where these results are announced.
The Cygan distance on the quaternionic Heisenberg group, the Poisson kernel, the Patterson measures introduced and computed in Section 7, and related quantities, should be useful in potential theory on the quaternionic Heisenberg group and for the study of the hypoelliptic Laplacian in sub-Riemannian geometry, see for instance [FS, Kra] for the (complex) Heisenberg group.
In the subsequent paper [PaP7] , we will give geometrical applications of this paper to counting and equidistribution of quaternionic chains in the boundary at infinity of the quaternionic hyperbolic plane. A quaternionic chain is the boundary at infinity of a quaternionic geodesic line (as defined in Section 3). We will also prove a Cartan-type theorem of rigidity for the bijections of the B 8 H n H preserving the set of quaternionic chains.
Im H " tx P H : tr x " 0u be the R-subspace of purely imaginary quaternions of H, so that every x P Im H satisfies x "´x. For every x P H, let Im x " x´1 2 trpxq " 1 2 px´xq, which is a purely imaginary quaternion.
For every N P N´t0u, we consider the right vector space H N over H, on which the group GL N pHq acts linearly on the left. For all w " pw 1 , . . . , w N q and w 1 " pw 1 1 , . . . , w 1 N q in H N , we denote by w¨w 1 " ř N p"1 w p w 1 p their standard quaternionic Hermitian product, 3 and we define npwq " w¨w " ř N p"1 npw p q. We endow H N with the standard Euclidean structure pw, w 1 q Þ Ñ 1 2 trp w¨w 1 q. In particular, H and Im H are endowed with the Euclidean structure making their standard basis p1, i, j, kq and pi, j, kq orthonormal.
On the right vector space HˆH n´1ˆH over H with coordinates pz 0 , z, z n q, let q be the nondegenerate quaternionic Hermitian form 4 qpz 0 , z, z n q "´trp z 0 z n q`npzq (4) of Witt signature p1, nq, and let Φ : H n`1ˆHn`1 Ñ H, defined by
be the associated quaternionic sesquilinear form. An element x P H n`1 is isotropic if qpxq " 0.
Throughout this paper, A is a quaternion algebra over Q, which is definite, that is, A b Q R is isomorphic with H. We fix an identification of A b Q R and H and, accordingly, consider A as a Q-subalgebra of H.
The reduced discriminant D A of A is the product of the primes p P N such that Ab Q Q p is a division algebra. Two definite quaternion algebras over Q are isomorphic if and only if they have the same reduced discriminant, which can be any product of an odd number of primes (see [Vig, page 74] ).
A Z-lattice I in A is a finitely generated Z-submodule of A generating A as a Q-vector space. An order in A is a unitary subring O of A which is a Z-lattice. It is contained in a maximal order (for the inclusion). The left order of a Z-lattice I is O pIq " tx P A : xI Ă Iu .
From now on, let O be a maximal order in A. It is well known that the trace map
For any subset B of A, we denote by O xBy the left fractional ideal of O generated by the elements of B. Right fractional ideals are defined analogously. The inverse of a left fractional ideal m of O is the right fractional ideal [Rei, page 192] .
Two left fractional ideals m and m 1 of O are isomorphic as left O-modules if and only if m 1 " mc for some c P Aˆ. A (left) ideal class of O is an equivalence class of left fractional ideals of O for this equivalence relation. We will denote by O I the set of ideal classes of O. The class number h A of A is the number of ideal classes of O. It is finite and independent of the maximal order O.
We denote by Oˆthe group of invertible elements (or equivalently of norm 1 elements) of O. Its order is 2, 4 or 6 except that |Oˆ| " 24 when D A " 2 and |Oˆ| " 12 when D A " 3 (see [Eic, page 103] for a formula when h A " 1).
By for instance [KO, Lem. 5.5] , the covolume of the Z-lattice O in the Euclidean vector space H is
3 Quaternionic hyperbolic space
In this section, we recall some background on the quaternionic hyperbolic spaces, as mostly contained in [KiP] , see also [Phi] . Note, however, that our conventions differ from those of these references in the sesquilinearity properties of Hermitian products, in the choice of the Hermitian form of Witt signature p1, nq, and in the normalisation of the curvature. We fix n P N´t0, 1u. The Siegel domain model of the quaternionic hyperbolic n-space H n H is pw 0 , wq P HˆH n´1 : tr w 0´n pwq ą 0 ( , endowed with the Riemannian metric ds 2 H n H " 1 ptr w 0´n pwqq 2`n pdw 0´d w¨wq`ptr w 0´n pwqq npdwq˘.
(8)
Note that this metric is normalised so that its sectional curvatures are in r´4,´1s, instead of in r´1,´1 4 s as in [KiP] and [Phi] . This will facilitate in Section 8 the references to works using that normalisation. Its boundary at infinity is
A quaternionic geodesic line in H n H is the image by an isometry of H n H of the intersection of H n H with the quaternionic line Hˆt0u. With our normalisation of the metric, a quaternionic geodesic line is a totally geodesic submanifold of real dimension 4 and constant sectional curvature´4.
The Siegel domain H n H embeds in the right quaternionic projective n-space P n r pHq by the map (using homogeneous coordinates) pw 0 , wq Þ Ñ rw 0 : w : 1s .
By this map, we identify H n H with its image, which when endowed with the isometric Riemannian metric, is called the projective model of H n H . Note that this image is the negative cone of the quaternionic Hermitian form q defined in Equation (4), that is rz 0 : z : z n s P P n r pHq : qpz 0 , z, z n q ă 0 ( . This embedding extends continuously to the boundary at infinity, by mapping the point pw 0 , wq P B 8 H n H´t 8u to rw 0 : w : 1s and 8 to r1 : 0 : 0s, so that the image of B 8 H n H is the isotropic cone of q, that is rz 0 : z : z n s P P n r pHq : qpz 0 , z, z n q " 0 ( .
The distance between two points in the Siegel domain of H n H has an explicit expression using the projective model: If pw 0 , wq, pw 1 0 , w 1 q P H n H , with Φ defined in Equation (5), then cosh 2 dppw 0 , wq, pw 1 0 , w 1"
see for example [Mos] with the same normalisation of the metric as ours, [KiP, page 292] and [Phi, Sect. 1 .2] with a discussion of the different normalizations of the curvature. For every N P N, let I N be the identity NˆN matrix. Let
, which differs only up to signs with the matrix J in [KiP] . Given a quaternionic matrix X " px p,p 1 q 1ďpďr, 1ďp 1 ďs P M r,s pHq, we denote by X˚" pxp ,p 1 " x p 1 ,p q 1ďpďs, 1ďp 1 ďr P M s,r pHq its conjugate-transpose matrix. Let U q " tg P GL n`1 pHq : q˝g " qu " tg P GL n`1 pHq : g˚J g " Ju be the unitary group of q. Its linear action on H n`1 induces a projective action on P n r pHq with kernel its center, which is reduced to t˘I n`1 u. The projective unitary group PU q " U q {t˘I n`1 u of q acts faithfully on P n r pHq, preserving H n H , and its restriction to H n H is the full isometry group of H n H . The connected (almost-)simple real Lie groups U q and PU q are also denoted by Spp1, nq and PSpp1, nq, when the dependence on the choice of q is not important.
We identify any element of H n´1 with its column matrix. If X "¨a γ˚b α A β c δ˚d‚ P GL n`1 pHq is a matrix with a, b, c, d P H, α, β, γ, δ P H n´1 and A P M n´1,n´1 pHq, then JX˚J "¨d´β˚bδ A˚´γ c´α˚a‚ .
The matrix X belongs to U q if and only if X is invertible with inverse JX˚J. In particular, X belongs to U q if and only if
These equations are the same ones as in the complex hyperbolic case in [PaP1, §6.1], up to being careful with the orders of the products; see also [CaP1, CaP2] with different sign conventions. By for instance [KiP] or the set of equations (10), an element g P U q fixes 8 if and only if its p1, 3q entry vanishes, or, equivalently, if g is block upper triangular (this is the reason, besides rationality problems, that we chose the quaternionic Hermitian form q rather than a diagonal one). We denote by Spp1q " tx P H : npxq " 1u the subgroup of units of norm one of Hˆ, and
Sppn´1q " tg P GL n´1 pHq : g˚g " I n´1 u the compact symplectic group in dimension n´1. An easy computation shows that the block upper triangular subgroup of U q is
4 The number of cusps of PU q pOq Let A be a definite quaternion algebra over Q, and let O be a maximal order in A. Let q be the quaternionic Hermitian form defined in Equation (4). Let U q pOq " U q X GL n`1 pOq, which is (see below) an arithmetic lattice in U q , and let PU q pOq be its image in PU q . The aim of this section is to describe precisely the structure of the set of ends of the finite volume quaternionic hyperbolic orbifold PU q pOqzH n H when n " 2. In this section and the following one, we will need to make explicit the arithmetic structure of U q pOq. Since J has rational coefficients, we consider the linear algebraic group G defined over Q, such that GpQq " tg P GL n`1 pAq : g˚J g " Ju, and GpKq " tg P GL n`1 pA b Q Kq : g˚J g " Ju for every commutative field K with characteristic 0. In particular, GpRq " U q " Spp1, nq and GpCq » Sp n`1 pCq. 6 By [PlR, §2.3 .3], the algebraic group G is absolutely connected, (quasi-)simple, simply connected of type C n`1 , and denoted by U n`1 pA,in loc. cit.
Considering O n`1 as a Z-lattice of H n`1 , we endow G with the natural Z-form such that GpZq " U q pOq and GpZ p q " tg P GL n`1 pO p q : g˚Jg " Ju for every prime p, where
Let us recall a few facts that follow from the work of Borel and Harish-Chandra (see for instance [Bor, Th. 1.10] ). The discrete group GpZq is a lattice in GpRq. If P is a minimal parabolic subgroup of G defined over Q (for instance the stabiliser of 8), then the set Par q, O of parabolic fixed points of GpZq in GpRq{P pRq " B 8 H n H is exactly
This is the set of isotropic rational projective points in P n r pHq, on which GpZq acts with finitely many orbits. In particular, the set of cusps PU q pOqz Par q,O is in bijection with GpZqzGpQq{P pQq.
For (5), we denote by
is an isomorphism of left O-modules. It is indeed clearly an injective morphism of left Omodules. Its surjectivity comes from the fact that the coordinate forms z 1 Þ Ñ z 1 n , z 1 Þ Ñ z 1 0 , z 1 Þ Ñ z 1 i for 1 ď i ď n´1 are up to signs the images by Θ of the canonical basis elements e 0 , e n and e i for 1 ď i ď n´1 respectively.
For every
. , x n . The proof of the following result adapts arguments of [Zin] , where O is replaced by the ring of integers of an imaginary quadratic field.
Proposition 4.1 Assume that n " 2. For all isotropic elements x, x 1 P A n`1 , there exists an element in PU q pOq sending the image of x in P n r pAq to the one of x 1 if and only if the left fractional ideals O xxy and O xx 1 y have the same class.
We do not know whether the result remains valid when n ě 3.
Proof. The direct implication is immediate. Conversely, let x " px 0 , . . . , x n q and x 1 be isotropic elements of O n`1 such that O xxy and O xx 1 y are in the same left ideal class. This means that there is some c P Aˆsuch that O xxy " O xx 1 yc " O xx 1 cy. In particular, this implies that x 1 c P O n`1 . As we are interested in the images of x and x 1 in P n r pAq, it is therefore sufficient to prove that there exists an element of U q pOq sending x to
Let a " ta P A : xa P O n`1 u and a 1 " ta P A : x 1 a P O n`1 u, which are right fractional ideals of O, containing 1 since x, x 1 P O n`1 . By Equation (6), we have (omitting
Composing the map Θ defined in Equation (11) with the restriction map to xa, we have a surjective morphism of left O-modules fromÕ n`1 to Hom O pxa, Oq. Its kernel is the orthogonal subspace pxaq K " ty P O n`1 : Φ A px, yq " 0u, which contains xa since x is isotropic.
Let y P A be such that Φ A px, yq ‰ 0, which exists since Φ A is nondegenerate. Up to replacing y by y Φ A px, yq´1, we may assume that Φ A px, yq " 1. Let m be the right fractional ideal of O such that O n`1 " pxaq K ' ym. Composing by the explicit isomorphisms of right O-modules
Note that the map tr : A Ñ Q is onto. Since Φ A py`xλ, y`xλq " Φ A py, yq`tr λ, up to replacing y by y`xλ for some λ P A such that tr λ "´Φ A py, yq, which is possible since Φ A py, yq P A X R " Q, we may assume that qpxq " qpyq " 0 and Φ A px, yq " 1.
Since xa ' y q a´1 is unimodular, we may take M " pxa ' y q a´1q K . Since n " 2, we may write M " zb for some z P A n`1 such that Φ A px, zq " Φ A py, zq " 0 and some
Since O n`1 is a free O-module, by Theorem 1 in [Frö] and the consequences that follow, the ideal classes of b and b 1 are equal. Up to changing b and b 1 in their equivalence class, we may assume that b " b 1 , hence in particular qpzq " qpz 1 q. The map xa`yc`zb Þ Ñ x 1 a`y 1 c`z 1 b for all a P a, c P q a´1 and b P b is an isomorphism of right O-modules from O n`1 to itself, preserving the quaternionic Hermitian form q and sending x to x 1 , as wanted.
l
From now on, we fix an integral ideal m of O, which is bilateral and stable by the conjugation x Þ Ñ x, as for instance m " p1`iqO if O " Zr 1`i`j`k 2 , i, j, ks is the Hurwitz maximal order in the Hamilton quaternion algebra A "`´1 ,´1
Q˘o ver Q. The quotient Z-module O{m is then a ring endowed with an anti-involution again denoted by x Þ Ñ x. We denote by U q pO{mq the finite group of pn`1qˆpn`1q invertible matrices in O{m, preserving the Hermitian form´z 0 z n´zn z 0`ř n´1 i"1 z i z i on pO{mq n`1 . Let B q pO{mq be its upper triangular subgroup. We denote by Γ m the Hecke congruence subgroup of U q pOq modulo m, that is, the preimage of B q pO{mq by the group morphism U q pOq Ñ U q pO{mq of reduction modulo m. For every subgroup H of U q , we denote by PH its image in PU q .
Proposition 4.2 If n " 2, then
(1) the set of parabolic fixed points of PΓ m is the set of points in B 8 H n H , which is the isotropic cone of q in P n r pHq, having homogeneous coordinates that are elements in O;
(2) the orbit PΓ m¨8 is the set of points in B 8 H n H having homogeneous coordinates in P n r pHq of the form ra : α : cs with pa, α, cq P Oˆm n´1ˆm , trpacq " npαq and O xa, α, cy " O;
(3) the map which associates to ra : α : cs P P n r pAq the class of the left fractional ideal O xa, α, cy generated by its homogeneous coordinates induces a bijection from the set of cusps PU q pOqz Par q,O of PU q pOq to the set of left ideal classes O I of O.
The number of cusps of PU q pOq is hence exactly the class number h A of A, and in particular is equal to 1 if and only if D A " 2, 3, 5, 7, 13. Since the simple real Lie group PU q has rank one, the set of ends of the quaternionic hyperbolic orbifold PU q pOqzH n H is in bijection with the set of cusps of PU q pOq, and Theorem 1.3 in the Introduction follows.
Proof. (1) By the previously mentioned results of Borel and Harish-Chandra, the result is true if m " O, since any element in P n r pAq may be represented by an element of O n`1 . As PΓ m has finite index in PU q pOq, the general case follows since a discrete group and a finite index subgroup have the same set of parabolic fixed points.
Since O x1, 0, 0y " O, the assertions (2) when m " O and (3) follows from Assertion (1) and Proposition 4.1. Assertions (2) for any m follows by the definition of Γ m , since the image of p1, 0, 0q by a matrix in GL 3 pHq is its first column. l 5 The covolume of PU q pOq
In this section, we prove Theorem 1.4 in the Introduction, using Prasad's volume formula in [Pra] and arguments from [EmK] . Let P be the set of positive primes in Z. For every p P P, the order [Vig, page 84] ). Let us denote by v p the p-adic valuation of Q p and by n p the reduced norm on A p . For every p P P, recall that by the definition of the discriminant D A of A, if p does not divide D A , then A p is isomorphic to M 2 pQ p q and otherwise A p is the (unique up to isomorphism) quaternion algebra over Q p that is a division algebra. Furthermore, let us consider the discrete valuation ν p " 1 2 v p˝np on A p (with value group 1 2 Z). It coincides with v p on Q p , which is the reason of the factor 1 2 . The unique maximal order O p is equal to the valuation ring of ν p (see for instance [Vig, page 34] ). We fix a uniformiser π p P O p for ν p : we have n p pπ p q " p and ν p pπ p q " 1 2 . As in the beginning of Section 4, let G be the absolutely connected, (quasi-)simple, simply connected algebraic group over Q, endowed with a Z-form such that GpZq " U q pOq and GpRq " U q . We assume that n " 2.
Note that G is a Q-form of the split (hence quasi-split) algebraic group G " Sp 3 over Q, whose type is C 3 , by [PlR, page 89] . The Q-group G is an inner form of G since the type C 3 has no symmetries in its diagram, by [PlR, page 67] . The absolute rank r of G and the exponents m 1 , . . . , m r of G are given by r " 3 and m 1 " 1, m 2 " 3, m 3 " 5
(see for instance [Pra, page 96] ). Let I G,Qp be the Bruhat-Tits building of G over Q p (see for instance [Tit2, BrT2] for the necessary background on Bruhat-Tits theory). Recall that a subgroup of GpQ p q is parahoric if it is the stabiliser of a simplex of I G,Qp . A coherent family of parahoric subgroups of G is a family pY p q pPP , where Y p is a parahoric subgroup of GpQ p q for every p and Y p " GpZ p q for p big enough. The principal lattice associated with this family is (see [Pra, § 3.4] ) the subgroup of GpQq consisting of its elements which, when considered as elements of GpQ p q, belong to Y p , for every p P P.
Let p P P. First assume that p does not divide D A . Then G is isomorphic to G " Sp 3 over Q p . The vertices of the building I G ,Qp are (see for instance [BrT2] or [She] ) the homothety classes of Z p -lattices in Q p 6 generated as Z p -module by the union B of the standard basis of three orthogonal hyperbolic planes, as for instance with B the canonical basis for the standard symplectic form on Q p 6 .
Lemma 5.1 If p does not divide D A , then GpZ p q is parahoric.
Proof. In what follows, we denote by X Þ Ñ tn X the transposition map of nˆn matrices. Note that A p " M 2 pQ p q and O p " M 2 pZ p q since p does not divide D A , and that the conjugation of the quaternion algebra M 2 pQ p q is x "ˆa b c d˙Þ Ñ x σ "ˆd´b c a˙( see for instance [Vig, page 3] ). Let J 0 "ˆ0´1 1 0˙, so that for every x P M 2 pQ p q, we have
matrices with coefficients in M 2 pQ p q as 6ˆ6 matrices, an easy computation shows that for every X in M 3 pM 2 pQ p qq, with X σ the matrix whose coefficients are the conjugates of the coefficients of X, we have t 3 X σ " J´1 2 t 6 X J 2 . Thus X belongs to U q pA p q, that is,
. Note that J 3 is (up to a harmless permutation of the canonical basis) the matrix of the standard symplectic product defining G " Sp 3 . We hence have GpZ p q " U q pO p q " Sp 3 pZ p q, which is the stabiliser of the class of the standard Z p -lattice Z p 6 . The result follows. l
Now assume that p divides D A . Then GpQ p q " U q pA p q has local type 2 C 3 in Tits' classification, see [Tit2, page 67] . Note that SU " U in our case, as mentioned in [EmK, Rem.2.2] . Its local index is shown below (see [Tit2,  page 63]): s 3 2 s
In particular, GpQ p q has relative rank 1. By [Tit2, Ex. 2.7] , the building I G,Qp is a biregular tree of degrees p 3`1 and p 2`1 , and all its vertices are special.
Lemma 5.2 If p divides D A and p ‰ 2, then GpZ p q is parahoric.
See also [EmK, Lem. 5.6 ] with a different proof, our proof being useful in order to deal with the case p " 2 | D A .
Proof. We will use the interpretation of I G,Qp as the set of selfdual norms on A 3 p (see [BrT1, BrT2] , which uses a´log p version of them, in order to allow for infinite residual fields).
With the notation of [BrT2, §1.2], we take K " L :" Q p , D :" A p , x Þ Ñ x σ :" x the quaternion conjugation in A p , ε :"`1 so that D 0 " tx P A p : tr x " 0u, X :" A 3 p considered as a right vector space over A p , and b : XˆX Ñ D the form induced by extension of scalars to Q p of the restriction Φ A : A 3ˆA3 Ñ A to A of the quaternionic sesquilinear form Φ defined in Equation (5) with n " 2, so that the form q : X Ñ D{D 0 " K of loc. cit. coincides with the extension of scalars to Q p of our form q : A 3 Ñ Q over Q see Equation (4).
With the notation of [BrT2, §1.2], we take ω L " ω :" v p , which is a discrete normalised valuation on K " L " Q p and ω D " ν p , which is a discrete valuation (with value group
Let λ Þ Ñ |λ| p " p´ν ppλq , which is a map from A p to r0,`8r, be the unique extension to A p of the absolute value of Q p . A norm 7 on the right A p -vector space V " A 3 p is a map α : V Ñ r0,`8r such that ‚ αpxq " 0 if and only if x " 0 ‚ αpxλq " |λ| p αpxq for all x P V and λ P A p , ‚ αpx`yq ď maxt αpxq, αpyq u for all x, y P V . As defined in [BrT2, §2.5] , its dual norm is the norm
The linear action of GpQ p q " U q pA p q on V induces a left action on the set of selfdual norms on V by pg, αq Þ Ñ α˝g´1.
A Witt basis of V is a basis pe´1, e 0 , e 1 q of the right A p -vector space V such that qpe˘1q " f pe 0 , e˘1q " 0, and qpe 0 q " f pe 1 , e´1q " 1 .
By [BrT2, §2] , 8 there exists a GpQ p q-equivariant bijection from the building I G,Qp to the set of selfdual norms on V such that, for every Witt basis pe´1, e 0 , e 1 q of V , the sequence pα n q nPZ of norms
for n P Z, is the sequence of selfdual norms associated with the sequence of vertices px n q nPZ along an appartment of I G,Qp , such that α 0 is associated with x 0 . Furthermore, let X n " e´1π´n p O p`e0 O p`e1 π n p O p be the right O p -lattice generated by the Witt basis pe´1π´n p , e 0 O p , e 1 π n p q, which is the unit ball of the norm α n , since |π p | p " p´1 2 . Then by §3.9 page 180 of [BrT2] , the smooth affine group scheme G x 0 over Z p associated with the vertex x 0 is the schematic closure of G in the Z p -form of the general linear group GL 3 pA p q over Q p defined by the Z p -lattice X 0 , and G x 0 pZ p q is the stabiliser of the vertex x 0 in GpQ p q.
Since p ‰ 2, the element´2 is an invertible element of Z p hence of O p . If pe 1´1 , e 1 0 , e 1 1 q is the canonical basis of V " A 3 p , which satisfies qpe 1˘1 q " f pe 1 0 , e 1˘1 q " 0, qpe 1 0 q " 1 and f pe 1 1 , e 1´1 q "´2, then pe´1, e 0 , e 1 q " pe 1´1 , e 1 0 , e 1 1 1 2 q is a Witt basis of V , and generates the same right O p -lattice X 0 as the canonical basis. Therefore, U q pO p q " GpQ p q X GL 3 pO p q " G x 0 pZ p q is parahoric. l Remark 5.3 When p divides D A and p " 2, the group U q pO p q is not parahoric. Indeed, again with pe 1´1 , e 1 0 , e 1 1 q the canonical basis of V , since n 2 pπ 2 q " 2, the basis pe´1, e 0 , e 1 q " pe 1´1 π´1 2 , e 1 0 ,´e 1 1 π´1 2 q is a Witt basis of V . With the above notation, U q pO 2 q is the subgroup of the stabiliser of x 0 in GpQ 2 q fixing the two edges with origin x 0 and endpoints x˘1, since
7 Compare with [BrT1, §1.1]: a map α : V Ñ r0,`8r is a norm as defined here if and only if´log p α is a norm in the sense of [BrT1] .
8 More precicely, this follows from Theorem 2.12, 2.5 Proposition (ii) and 2.9 Proposition of op. cit., using the fact that the value group of νp is 1 2 Z.
Thus, by definition, if D A is odd, the family pGpZ ppPP is a coherent family of (maximal) parahoric subgroups of G, and U q pOq " GpZq " tg P GpQq : @p P P, g P GpZ p qu is its associated principal lattice. If D A is even, the family pY p q pPP with Y p " GpZ p q if p ‰ 2 and Y 2 the stabiliser in GpQ 2 q of the point x 0 defined in Remark 5.3, is a coherent family of (maximal) parahoric subgroups of G. We will compute below the index of U q pOq in the associated principal lattice when D A is even.
For every p P P, ‚ let y p (respectively y p ) be the vertex of I G,Qp (respectively I G ,Qp ) stabilised by the subgroup U q pO p q (respectively Sp 3 pZ p q), such that if D A is even, then y 2 is the point x 0 defined in Remark 5.3.
‚ let M p (respectively M p ) be the maximal reductive quotient, defined over the residual field F p " Z p {pZ p , of the identity component of the reduction modulo p of the smooth affine group scheme over Z p associated with y p (respectively y p ); see for instance [Tit2, §3.5] with Ω " tvu.
Note that M p " M p if p does not divide D A , and that for every p P P the algebraic group M p is isomorphic to Sp 3 (of type C 3 ) over F p . In particular M p pF p q " Sp 3 pF p q and thus, for every p P P, the orders of the finite groups of Lie type being listed for example in [Ono, Table 1 ], we have dim M p " 21 and | M p pF p q | " p 9 pp 2´1 qpp 4´1 qpp 6´1 q .
Assume now that p divides D A and p ‰ 2. Note that the pair pL " O 3 , h " Φq, where Φ is defined by Equation (5) By [EmK, Lem. 4 .1] with k " Q, v " p, G " G, t " 0 and P t v " U q pO p q, whose hypothesis is satisfied by [EmK, Lem. 5 .6], we have
Assume finally that p " 2 divides D A . The Tits index of M p , as computed by the rule of [Tit2, 3.5 .2] is 2 A 2 , and by [Tit2, 3.5.4] , the link of the vertex y p in the tree I G,Qp canonically identifies with the spherical building of M p over F p . By [Tit1, page 55] , M p is hence the group U q pF p 2 q where the involution on F p 2 is its Frobenius automorphism x Þ Ñ x " x p . The spherical building of M p is the finite set of isotropic points in the projective plane over F p 2 . The vertices of the link of y 2 " x 0 corresponding to x´1 and x 1 with the notation of Remark 5.3 are the projective points defined by the (isotropic) first and last vectors of the canonical basis of pF p 2 q 3 . Let H be the intersection of the stabilisers in U q pF p 2 q of the two isotropic points r1 : 0 : 0s and r0 : 0 : 1s. An easy computation shows that H consists of the diagonal matrices¨a 0 0 0 U 0 0 0 d‚ , with a, U, d P Fp 2 , d " 1 a " a´p and U p`1 " U U " 1. Since the multiplicative group Fp 2 is isomorphic to the additive cyclic group Z{ppp 2´1 qZq, which contains exactly p`1 elements x such that pp`1qx " 0, the order of H is equal to pp 2´1 qpp`1q. The center of U q pF p 2 q has order p`1, and the quotient by its center is the finite simple group called the Steinberg group 2 A 2 pp 2 q, whose order is p 3 pp 2´1 qpp 3`1 q. Hence the index of H in U q pF p 2 q is p 3 pp 3`1 q. By Remark 5.3 and since p " 2, we hence have that the index of U q pO 2 q in the parahoric subgroup Y 2 is rY 2 : U q pO 2 qs " rU q pF 2 2 q : Hs " 72 .
Now, let µ be the Haar measure on GpRq " U q " Spp1, 2q normalized as in [Pra, §3.6 ]. The next lemma relates it to the Riemannian measure coming from the choice made in Section 3 of the sectional curvature on H 2 H .
Lemma 5.4 We have VolpPU q pOz H 2 H q " π 4 120 µpU q pOz U.
Proof. The proof is similar to the one in [Eme] or Emery's appendix of [PaP2] . By the definition of µ, if w is the top degree exterior form on the real Lie algebra of GpRq whose associated invariant differential form on GpRq defines the measure µ and if G u " G u pRq is the compact real form of GpCq, then the complexification w C of w on the complex Lie algebra of GpCq " G u pCq defines a top degree exterior form w u on the real Lie algebra of G u , whose associated invariant differential form on G u defines a measure µ u , and we require that µ u pG u q " 1.
Let µ 1 be the Haar measure on the noncompact real Lie group Spp1, 2q that disintegrates by the fibration Spp1, 2q Ñ Spp1, 2q{pSpp1qˆSpp2qq " H 2 H with measures on the fibers of total mass one and measure on the base the Riemannian measure dvol H 2 H of the Riemannian metric with sectional curvatures contained in r´4,´1s, as in Section 3. In particular,
Let µ 1 u be the Haar measure on the compact real Lie group Spp3q that disintegrates by the fibration Spp3q Ñ Spp3q{pSpp1qˆSpp2qq " P 2 r pHq with measures on the fibers of total mass one and measure on the base the Riemannian measure dvol P 2 r pHq of the Riemannian metric with sectional curvatures contained in r1, 4s. By [BGM, Ex.A.III.8] , this Riemannian metric is the standard Fubini-Study metric, and µ 1 u pSpp3qq " VolpP 2 r pHqq " π 4 120 .
The duality between irreducible symmetric spaces of noncompact type endowed with a left invariant Riemannian metric and the ones of compact type sends H 2 H to P 2 r pHq, with opposite signs on the range of the sectional curvatures (see for instance [Hel, Ch. 5] ), and hence µ 1 " π 4 120 µ. The result follows. l
We now apply Prasad's volume formula [Pra, Theo. 3.7] . With the notation of this theorem, we take ‚ k " Q so that its set of infinite places is V 8 " t8u, its set of finite places is V f " P, and the order q v of the residual field f v " Z p {pZ p " F p is p for every v " p P V f , ‚ S " t8u so that S f " S X V f is empty and ‚ G " G, so that the Tamagawa number τ k pGq is 1 by page 109 of op. cit. since k is a number field, " Q is a smallest splitting field of G over Q (since G is split over Q), and the discriminants of k and over Q are D k " D " 1. We hence have, since M p " M p if p does not divide D A and by Equation (12) for the second equality,
Using Euler's product formula ζpsq " ś pPP 1 1´p´s for Riemann's zeta function, we have by Equation (13), since ζp2q " π 2 6 , ζp4q " π 4 90 and ζp6q " π 6 945 ,
Theorem 1.4 in the Introduction when D A is odd follows from Equations (16), (17), (14), and from Lemma 5.4. When D A is even, the obtained formula computes the covolume of the principal lattice Λ associated with the coherent family pY p q pPP . By construction, U q pOq is exactly the subgroup of elements in Λ which, when considered in GpQ 2 q, belong to the finite index subgroup U q pO 2 q of Y 2 . Since Λ is dense in Y 2 and U q pOq is dense in U q pO 2 q, this proves that the index m A of U q pOq in Λ is equal to the index of U q pO 2 q in Y 2 , which is 72 by Equation (15) if D A is even.
Horospherical quaternionic hyperbolic geometry
In this section, we describe the geometry of the horospheres in the quaternionic hyperbolic space H n H (see also [KiP, Phi] ). We introduce the quaternionic Heisenberg group and discuss the geometry of its quaternionic contact structure (see for instance [Biq] ).
The horospherical coordinates pζ, u, tq P H n´1ˆI m Hˆr0,`8r, that we will use from now on unless otherwise stated, of pw 0 , wq P H n H Y pB 8 H n H´t 8uq are pζ, u, tq " pw, 2 Im w 0 , tr w 0´n pwqq hence pw 0 , wq "´n pζq`t`u 2 , ζ¯,
so that the Riemannian metric of H n H is given by
In horospherical coordinates, the geodesic lines from pζ, u, 0q P B 8 H n H´t 8u to 8 are, up to translations at the source, the maps s Þ Ñ pζ, u, e 2s q, by the normalisation of the metric. where s Þ Ñ ξ s is any geodesic ray ending at ξ. It is invariant under the diagonal action of the isometry group of H n H . The horosphere with centre ξ P B 8 H n H through x P H n H is ty P H n H : β ξ px, yq " 0u, and ty P H n H : β ξ px, yq ď 0u is the (closed) horoball centred at ξ bounded by this horosphere.
Given two points x " pζ, u, tq and x 1 " pζ 1 , u 1 , t 1 q in H n H , the maps ξ s : s Þ Ñ pζ, u, e 2s q and ξ 1 s : s Þ Ñ pζ 1 , u 1 , e 2s q are geodesic lines in H n H through x and x 1 respectively, converging to 8 as s Ñ`8. The Riemannian length of the affine path from ξ s to ξ 1 s is bounded by a constant times e´s, hence lim sÑ`8 dpξ s , ξ 1 s q " 0. Thus
The closed horoballs centred at 8 P B 8 H n H are therefore the subsets H s " tpζ, u, tq P H n H : t ě su " tpw 0 , wq P H n H : tr w 0´n pwq ě su,
and the horospheres centred at 8 are their boundaries BH s , where s ranges in s0,`8r . Note that, for every s ě 1, we have
The Cygan distance 9 on H n H Y pB 8 H n H´t 8uq is (see for instance [KiP] )
d Cyg ppζ, u, tq, pζ 1 , u 1 , t 1" n`npζ´ζ 1 q`|t´t 1 |`pu´u 1´2 Im ζ¨ζ 1 q˘1 {4 .
The quaternionic Heisenberg group Heis 4n´1 of dimension 4n´1 is the real Lie group structure on H n´1ˆI m H with law pζ, uqpζ 1 , u 1 q " pζ`ζ 1 , u`u 1`2 Im ζ¨ζ 1 q and inverses pζ, uq´1 " p´ζ,´uq. When n " 2, using the change of coordinates ζ " w and u " 2 Im w 0 as in Equation (18) with t " 0, we recover the definition given in the Introduction. The group Heis 4n´1 identifies with B 8 H n H´t 8u by the map pζ, uq Þ Ñ pζ, u, 0q. It identifies with a subgroup of PB q Ă PU q by pζ, uq Þ Ñ˘¨1
, where ζ P M n´1, 1 pHq also denotes the column vector of ζ P H n´1 . It acts on the space H n H Y pB 8 H n H´t 8uq by the Heisenberg translations pζ, uqpζ 1 , u 1 , t 1 q " pζ`ζ 1 , u`u 1`2 Im ζ¨ζ 1 , t 1 q .
They are isometries for both the Riemannian metric and the Cygan distance, and they preserve the horospheres centred at 8. For every u P Im H, the Heisenberg translation by p0, uq is called a vertical translation.
It is easy to see that the Cygan distance on Heis 4n´1 is the unique left-invariant distance on Heis 4n´1 with d Cyg ppζ, uq, p0, 0qq " pnpζq 2`n puqq 1 4 , or equivalently using Equation (18) that if pw 0 , wq P B 8 H n H´t 8u, then d Cyg ppw 0 , wq, p0, 0qq " p4 npw 01 4 .
We conclude this section with geometric lemmas that will be useful in Sections 7 and 8. See also [Kim, §3] , with slightly different conventions, for a computation similar to Lemma 6.1. The proofs are analogous to those in the complex hyperbolic case with the added ingredient of being careful with the noncommutativity of multiplication in the quaternionic case.
Lemma 6.1 For all x " pζ, u, tq and x 1 " pζ 1 , u 1 , t 1 q in H n H , for all pξ, rq P Heis 4n´1 " B 8 H n H´t 8u, we have β pξ, rq px,
Proof. It is easy to check that the map ι : pw 0 , wq Þ Ñ pw´1 0 , ww´1 0 q is an isometric involution of H n H sending p0, 0q P B 8 H n H to 8, induced by¨0
, which does belong to U q . Hence, with x " pw 0 , wq and x 1 " pw 1 0 , w 1 q, using Equations (20) and (18) and the fact that d Cyg px, p0, 0qq 4 " 4 npw 0 q and d Cyg px 1 , p0, 0qq 4 " 4 npw 1 0 q, we have β p0, 0q px, x 1 q " β ιp0, 0q pιx, ιx 1 q " 1 2 ln
The Heisenberg translation τ by pξ, rq preserves the last horospherical coordinates and the Cygan distances. We have β pξ, rq px, x 1 q " β p0, 0q pτ´1x, τ´1x 1 q, since τ is an isometry of H n H . This proves Lemma 6.1. l Lemma 6.2 The orthogonal projection from B 8 H n H´t p0, 0q, 8u to the geodesic line in H n H with points at infinity p0, 0q and 8 is pw 0 , wq Þ Ñ p2 npw 0 q 1 2 , 0q, that is, in horospherical coordinates, pζ, u, 0q Þ Ñ`0, 0, p npζq 2`n pu1{2˘.
In particular, the preimages by this orthogonal projection are the spheres of center p0, 0q for the Cygan distance on Heis 4n´1 .
Proof. For every parameter a ranging in s0,`8r , consider the horosphere BH a centred at 8. Its image by the isometric involution ι : pw 0 , wq Þ Ñ pw´1 0 , ww´1 0 q is, using Equation (18), the horosphere t pξ, r, tq P H n H : t " a 4`p npξq`tq 2`n prq˘u centred at p0, 0q. The image of this horosphere by the Heisenberg translation by pζ, uq is the horosphere t pξ, r, tq P H n H : t " a 4`p npξ´ζq`tq 2`n pr´u´2 Im ζ¨ξ˘q u centred at pζ, uq. The orthogonal projection of pζ, uq on the geodesic line from p0, 0q to 8 is attained when the parameter a gives a double point of intersection p0, 0, tq between this horosphere and . The quadratic equation
t " a 4 ppnpζq`tq 2`n puqq whose unknown is t has a double solution if and only if its reduced discriminant ∆ 1 " pnpζq´2 a q 2´p npζq 2`n puqq vanishes, that is, since a ą 0, if and only if a " 2 pnpζq 2`n puqq 1{2`n pζq , giving t " pnpζq 2`n puqq 1{2 . The result follows. l Lemma 6.3 Let C be the quaternionic geodesic line tpw 0 , wq P H n H : w " 0u. The orthogonal projection from H n H to C is the map pw 0 , wq Þ Ñ pw 0 , 0q. On B 8 H n H´B 8 C endowed with the horospherical coordinates, this map extends as pζ, u, 0q Þ Ñ p0, u, npζqq.
Proof. Let pw 0 , wq P H n H . It is easy to check that the distance given (see Equation (9)) by the formula cosh 2 dppw 0 , wq, pw 1 0 , 0qq " np w 0`w 1 0pw 0 , w, 1q tr w 1 0 is minimised over pw 1 0 , 0q P C exactly when w 1 0 " w 0 . Since C is totally geodesic, the closest point mapping from H n H to C coincides with the orthogonal projection, which is hence pw 0 , wq Þ Ñ pw 0 , 0q. The expression in horospherical coordinates of the boundary extension follows from the equations in (18). l Lemma 6.4 For every pw 0 , wq P B 8 H n H´t 8u with w 0 ‰ 0, the map from R to H n H defined by s Þ Ñ pw 0 p1`2e 2s w 0 q´1, wp1`2e 2s w 0 q´1q P H n H is a geodesic line from pw 0 , wq to p0, 0q.
Proof. The image of¨1
in PGL n`1 pHq is the conjugate by the isometric involution ι : pw 1 0 , w 1 q Þ Ñ pw 1 0´1 , w 1 w 1 0´1 q of the Heisenberg translation by ιpw 0 , wq. Hence it belongs to PU q , fixes ιp8q " p0, 0q and maps 8 to pw 0 , wq. It thus sends the geodesic line from 8 to p0, 0q defined by s Þ Ñ p0, 0, e´2 s`ln 2 q in horospherical coordinates, hence by s Þ Ñ re´2 s : 0 : 1s in homogeneous coordinates by Equation (18), to a geodesic line from pw 0 , wq to p0, 0q. An easy computation gives that this geodesic line is s Þ Ñ`w 0 p1`e 2s w 0 q´1, wp1`e 2s w 0 q´1˘. as wanted, after a time translation. l Lemma 6.5 For all g P U q and s ą 0 such that the horoballs H s and gH s have disjoint interiors, if c g is the p3, 1q-entry of the matrix g, then dpH s , gH s q " 1 2 ln npc g q`ln s 2 .
Proof. We follow [PaP1, Lem. 6.3] . As seen in Section 3, if we had c g " 0, then g would fix 8 and would stabilise H s , which contradicts the assumption. Thus c g ‰ 0. Multiplying g on the left and right by elements of Heis 4n´1 does not change c g or dpH s , gH s q. We may hence assume that gp8q " p0, 0q and g´1p8q " p0, 0q (in the coordinates pw 0 , wq). Writing g "¨a γ˚b α A β c δ˚d‚ , the first condition implies that a " 0 and α " 0, and the second one that β " 0 and d " 0. The first and second equations of Formula (10) then imply that γ " δ " 0, the third one implies that A is unitary, and the fourth one gives cb " 1. Thus,
It is easy to check, using the properties of tr and n, that gH s " tpw 0 , wq P HˆH n´1 : tr w 0´n pwq ě s npcq npw 0 qu .
The points of intersection of the geodesic line from p0, 0q to 8 and the horospheres BH s (centred at 8) and g BH s (centred at p0, 0q) are p s 2 , 0q and p 2 s npcq , 0q. The distance between them is as required by the statement. l 7 Measure computations in quaternionic hyperbolic spaces Let Γ be a nonelementary discrete group of isometries of H n H , let ΛΓ be its limit set and let δ Γ be its critical exponent. In this section, we give proportionality constants relating, on the one hand, Patterson, Bowen-Margulis and skinning measures associated to some convex subsets and, on the other hand, the corresponding Riemannian measures, in the quaternionic hyperbolic case. These results were announced in [BrPP, Chap. 7] , and we refer to Chapter 1 of op. cit. for the background definitions and informations on the notions of this section.
We start by briefly recalling the construction of these measures. 
For smooth functions ψ with compact support on BD´, there is an error term in the equidistribution claim of Theorem 8.1 when the measures on both sides are evaluated on ψ, of the form Ope´κ s }ψ} q where κ ą 0 and }ψ} is the Sobolev norm of ψ for some P N.
We now apply Theorem 8.1 in order to prove an analog of Mertens's formula and Neville's equidistribution theorem in the quaternionic Heisenberg group. See for example the Introduction of [PaP6] for an explanation of the name.
Let m be a nonzero bilateral ideal in O stable by conjugation. As defined in Equations (1)-(3) in the Introduction, the action by shears on OˆOˆO of the nilpotent group N pOq preserves Oˆmˆm. We will study the asymptotic of the counting function Ψ m , where, for every s ě 0, the number Ψ m psq is the cardinality of N pOqz pa, α, cq P Oˆmˆm : trpa cq " npαq, O xa, α, cy " O, 0 ă npcq ď s ( .
We endow the ring O{m with the involution induced by the quaternionic conjugation. Let U q pO{mq be the finite group of 3ˆ3 matrices in O{m, preserving the Hermitian forḿ z 0 z 2´z2 z 0`z1 z 1 on pO{mq 3 . Let B q pO{mq be its upper triangular subgroup.
Theorem 8.2 There exists κ ą 0 such that, as s Ñ`8,
The particular case m " O gives Theorem 1.1 in the introduction. We will prove this result simultaneously with the next one. We endow the Lie group Heis 7 with its Haar measure Haar Heis 7 defined in the introduction. The following result is an equidistribution result of the set of Q-points (satisfying some congruence properties) in Heis 7 , seen as the set of R-points of a Z-form of a Q-algebraic group with set of Q-points Heis 7 XpAˆAq and set of Z-points N pOq. The particular case m " O gives Theorem 1.2 in the introduction. As in Theorem 8.1, for smooth functions ψ with compact support on Heis 7 , there is an error term in this equidistribution result when the measures on both sides are evaluated on ψ, of the form Ops´κ }ψ} q where κ ą 0 and }ψ} is the Sobolev norm of ψ for some P N.
Proofs of Theorem 8.2 and Theorem 8.3. We start by introducing the notation used in these proofs. We consider the quaternionic Hermitian form q defined in Section 3 with n " 2. For every subgroup G of U q , we denote by G its image in PU q , and again by g the image in PU q of any element g of U q .
We consider the lattice Γ " U q pOq in U q defined in Section 4, so that Γ " PU q pOq. We denote by Γ m the Hecke congruence subgroup of Γ modulo m, that is the preimage, by the group morphism Γ Ñ U q pO{mq of reduction modulo m, of the upper triangular subgroup B q pO{mq. Since´id P Γ m , we have
We denote by Γ H 1 the stabiliser in Γ m of the horoball H 1 defined in Equation (21). It is equal to B q X Γ m where B q has been defined in Section 3, since an element of Γ fixes 8 if and only if it preserves H 1 . The group Γ H 1 is independent of m, by the definition of Γ m .
The projection map from Γ H 1 to Γ H 1 is 2-to-1 since´id P Γ H 1 . We identify the lattice N pOq of Heis 7 with its image N pOq by the embedding of Heis 7 in PU q defined in Section 6. The system of equations (10) gives r Γ H 1 : N pOq s " 1 2 rΓ H 1 : N pOqs " 1 2 |Oˆ| 2 .
The following result gives in particular the computation of the volume of the cusp at infinity for Γ.
Lemma 8.4 The Haar measure λ 7 on Heis 4n´1 defined in Equation (26) coincides with the Haar measure Haar Heis 7 defined in the introduction, that is, the total mass of the measure induced by λ 7 on N pOqzHeis 7 is
For instance, if D A " 2 and O is the Hurwitz order 1`i`j`k 2 Z`Zi`Zj`Zk, which has 24 units and Im O " Zi`Zj`Zk, then volpΓ H 1 zH 1 q " 1 23040 , to be compared with [KiP, Prop.5 .8] for a related computation.
Proof. Note that tr : H Ñ R is a fibration, with fiber t 2`I m H over t P R. The Lebesgue measure of the Euclidean space H disintegrates by this fibration over the Lebesgue measure of R, with conditional measures on the fiber 1{2 the Lebesgue measure of the fiber: dx 0 dx 1 dx 2 dx 3 " p 1 2 dx 1 dx 2 dx 3 qdp2x 0 q. Since the map tr is additive, since it maps O onto Z with kernel Im O as recalled in Section 2, this implies that VolpIm O z Im Hq " 2 VolpO z Hq. Again by the surjectivity of tr : O Ñ Z, for every w P O, the set tw 0 P O : tr w 0 " npwqu is a translate of Im O. Hence by Equations (18) and (7) 1 40 |Oˆ| 2 λ 7 pN pOq z Heis 7 q " D 2 A 160 |Oˆ| 2 . l We need one more notation before giving the proof of Theorem 8.2. Consider an element g P Γ m such that gH 1 and H 1 are disjoint (there are only finitely many double classes rgs P Γ H 1 zΓ m { Γ H 1 for which this is not the case). We denote by pδ g q the length of the common perpendicular δ g between g H 1 and H 1 . If¨a g α g c g‚ is the first column of g, then g¨8 " ra g : α g : c g s.
We use the following facts in the system of equations below. ‚ For the first equality, note that the cardinality of each nonempty fiber of the projection map from pa, α, cq P Oˆmˆm : O xa, α, cy " O ( to P 2 r pHq is |Oˆ| and that the projection from N pOq to N pOq is injective.
‚ The second and third equalities follow from Proposition 4.2 (2). ‚ The fourth equality follows from Lemma 6.5. ‚ The fifth equality follows by Equation (42) and by the definition of the counting function N H 1 , H 1 .
‚ The sixth equality follows from the first claim in Theorem 8.1 with n " 2, Γ " Γ m and D´" D`" H 1 .
‚ The last equality follows from Equations (43) and (41) and from Theorem 1.4. We hence have, for some κ ą 0 and for every s ą 0, This concludes the proof of Theorem 8.2.
Let us prove now Theorem 8.3. The orthogonal projection map f : B 8 H 2 H´t 8u Ñ BH 1 is the homeomorphism defined by rw 0 : w : 1s Þ Ñ pζ " w, u " 2 Im w 0 , 1q using the homogeneous coordinates on B 8 H 2 H´t 8u and the horospherical coordinates on BH 1 (see Equation (18)). Let x P BH 1 be the origin of a common perpendicular of length at most s from H 1 to a horoball γH 1 for some γ P Γ m not fixing 8. The point x is the orthogonal projection on H 1 of the point at infinity of this horoball γH 1 . This point at infinity may be written rac´1, αc´1 : 1s for some triple pa, α, cq P Oˆmˆm with O xa, α, cy " O, trpa cq " npαq and 0 ă npcq ď 4 e 2s (using Lemma 6.5). Such a writing is not unique, there are exactly |Oˆ| such triples. Hence by the second claim of Theorem 8.1 with Γ " Γ m
